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We calculate the parameters x and y for the D meson mixing in the Standard Model by considering
a dispersion relation between them. The dispersion relation for a fictitious charm quark of arbitrary
mass squared s is turned into an inverse problem, via which the mixing parameters at low s are
solved with the perturbative inputs x(s) and y(s) from large s. It is shown that nontrivial solutions
for x and y exist, whose values around the physical charm scale agree with the data in both CP-
conserving and CP-violating cases. We then predict the observables |q/p| − 1 ≈ 2 × 10−4 and
Arg(q/p) ≈ 6 × 10−3 degrees associated with the coefficient ratio for the D meson mixing, which
can be confronted with more precise future measurements. Our work represents the first successful
attempt to explain the D meson mixing parameters in the Standard Model.
How to understand the large D meson mixing in
the Standard Model has been a long-standing challenge.
All theoretic attempts, including inclusive and exclusive
ones, either gave the mixing parameters x and y two to
three orders lower than the data [1, 2], or cannot explain
x and y simultaneously [3–5]. This is attributed to the
notorious difficulty of charm physics: the charm scale is
too heavy to apply the chiral perturbation theory and
possibly too light to apply the heavy quark expansion.
Moreover, the D meson mixing, strongly suppressed by
the Glashow-Iliopoulos-Maiani (GIM) mechanism [6], is
sensitive to nonperturbative SU(3) breaking effects char-
acterized by the strange and down quark mass difference,
and to CKM-suppressed diagrams with bottom quarks in
the loop. On the contrary, the heavy quark expansion ac-
commodates the data for the Bd and Bs meson mixings
satisfactorily [7].
In this letter we will analyze the D meson mixing in
a new approach based on a dispersion relation, which re-
lates x and y for a fictitious D meson of an arbitrary
mass. The dispersion relation is separated into a low
mass piece and a high mass piece, with the former being
treated as an unknown, and the latter being input from
reliable perturbative results. We then turn the study of
the D meson mixing into an inverse problem: the mixing
parameters at low mass are solved as ”source distribu-
tions”, which produce the ”potential” observed at high
mass. It will be demonstrated by choosing a reasonable
strange quark mass that nontrivial solutions for x and
y exist, whose values around the physical charm quark
mass mc ≈ 1.3 GeV match the data in both cases with
and without CP violation.
Consider the analytical transition matrix element for
aD meson formed by a fictitious charm quark of invariant
mass squared s,
M12(s)− i
2
Γ12(s) = 〈D0(s)|H∆C=2w |D¯0(s)〉. (1)
The effective weak Hamiltonian H∆C=2w contains two
four-fermion operators (V−A)(V−A) and (S−P )(S−P ),
which will be abbreviated to V −A and S−P below, re-
spectively. The dispersive part M12 and the absorptive
part Γ12 obey the dispersion relation [8]
M12(s) =
P
2pi
∫ ∞
0
ds′
Γ12(s
′)
s− s′ , (2)
where P denotes the principal value prescription. The
lower bound of the integration variable s′, which is of
O(m2pi) with mpi being the pion mass, has been approxi-
mated by zero. The diagonalization of the mixing matrix
leads to the mass eigenstates D1,2 as linear combinations
of the weak eigenstates D0 and D¯0, D1,2 = pD
0 ± qD¯0.
The mass and width differences of D1,2 define the mixing
parameters
x ≡ m1 −m2
Γ
=
2M12
Γ
, y ≡ Γ1 − Γ2
2Γ
=
Γ12
Γ
, (3)
in the CP-conserving case with the total decay width Γ.
The elements M12 and Γ12 for a heavy meson mixing
have been calculated at quark level in leading-order QCD
in [9, 10], whose results will be adopted directly below.
The b quark mass mb should remain constant in the eval-
uation of Γ12, so that the fictitious D meson can decay
into a b quark, as its mass crosses the b quark threshold.
The right hand side of Eq. (2) then contains heavy quark
contributions to be consistent with the heavy quark dy-
namics involved in M12. The V − A contribution ΓV−A12
is given, for s > 4m2b , by
ΓV−A12 ∝ λ2s(B(a)dd − 2B(a)ds +B(a)ss )
+2λsλb(B
(a)
dd −B(a)ds −B(a)db +B(a)sb )
+λ2b(B
(a)
dd − 2B(a)db +B(a)bb ), (4)
where λk ≡ VckV ∗uk, k = s, b, are the products of the
Cabibbo-Kobayashi-Maskawa (CKM) matrix elements,
and the functions B
(a)
ij [10] with the internal quarks
i, j = d, s, b arise from the absorptive contributions of
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FIG. 1: λ2s, λsλb and λ
2
b contributions to the real parts of
M12 and Γ12 from the S − P and V −A operators.
the box diagrams for Eq. (1). The terms up to B
(a)
ss
(B
(a)
db , B
(a)
sb ) are kept in the range s < (mb + md)
2
((mb +md)
2 < s < (mb +ms)
2, (mb +ms)
2 < s < 4m2b).
The expression of the S − P contribution ΓS−P12 is simi-
lar but with B
(a)
ij in Eq. (4) being replaced by C
(a)
ij [10].
Equation (4) implies clearly that the D meson mixing
is attributed to the SU(3) symmetry breaking. We have
confirmed that Γ12 deceases like 1/s
2 at large s, so the
integral on the right hand side of Eq. (2) converges.
We rewrite the dispersion relation as∫ Λ
0
ds′
y(s′)
s− s′ = pix(s)−
∫ ∞
Λ
ds′
y(s′)
s− s′ ≡ ω(s), (5)
where both sides have been divided by the measured total
width Γexp = 1.61×10−12 GeV [11] to get the variables x
and y. The separation scale Λ is arbitrary, but should be
large enough to justify the perturbative calculation of y
on the right hand side, and below the b quark threshold
to avoid the b quark contribution to the left hand side.
The product f2DmD appearing in the expressions of M12
and Γ12 [10] on the right hand side of Eq. (5), with the
D meson decay constant fD and its mass mD, scales like
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FIG. 2: Dispersive and absorptive contributions to the real
part of ω(s) from the S − P and V −A operators.
a constant in the heavy quark limit. Here we adopt the
value for a Bs meson [11], ie., f
2
DmD ∼ 0.3 GeV3. The
behaviors of M12(s) and Γ12(s) from the S−P and V −A
operators with the masses ms = 109.9 MeV, mb = 4.8
GeV and mW = 80.379 GeV, the separation scale Λ =
m2b/2 ≈ 12 GeV2, and the bag parameters equal to unity
are displayed in Fig. 1, which have been decomposed into
three pieces proportional to the real parts of λ2s, λsλb and
λ2b . It is seen in Fig. 2 that both terms on the right-hand
side of Eq. (5) exhibit cusps as s crosses the b quark and b
quark pair thresholds. However, their sum ω(s) behaves
smoothly and, furthermore, turns out to be independent
of mb. This feature, existent for the two four-fermion
operators, indicates that y in the low mass region s < Λ
decouples from the b quark dynamics as expected.
In principle, we can have separate dispersion relations
associated with the three CKM products. However, it is
reasonable to combine all the terms in Eq. (4) into a
single dispersion relation due to the dominance of the
λ2s contribution to the real part of ω(s). The S − P
and V − A contributions are opposite in sign, and the
corresponding bag parameters are roughly equal. To re-
duce the sensitivity to the potential cancellation between
them, we consider separate dispersion relations for these
two operators. Equation (5) will be treated as an inverse
problem, in which ω(s) for s > Λ from Fig. 2 is an input,
and y(s) in the range s < Λ is solved with the boundary
condition y(0) = 0 and the continuity of y at s = Λ. That
is, the ”source distribution” y(s) will be inferred from the
”potential” ω(s) observed outside the distribution.
For such an ill-posed inverse problem, the ordinary
discretization method to solve an integral (Fredholm)
equation does not work. The discretized version of
Eq. (5) is in the form
∑
iAijyj = ωi with Aij ∝ 1/(i−j).
It is easy to find that any two adjacent rows of the matrix
A approach to each other as the grid becomes infinitely
fine. Namely, A tends to be singular, and has no inverse.
320 40 60 80 100 120 140
s[GeV2]
6
4
2
0
2
4
6
1/
ω
[1
0
6
]
S-P
V-A
FIG. 3: s dependence of 1/ω.
We stress that this singularity, implying no unique solu-
tion, should be appreciated actually. If A is not singular,
the solution to Eq. (5) will be unique, which must be the
tiny perturbative result obtained in the literature. It is
the existence of multiple solutions that allows possibility
to explain the observed large D meson mixing.
We notice that the smooth curves of ω(s) can be well
described by a simple function ω(s) ∝ 1/(s − m2), as
indicated by the almost perfect straight lines for 1/ω(s)
in Fig. 3, with m2 ∼ O(1) GeV2. The power-law be-
havior is understandable, since only the effect from the
monopole component of the distribution dominates at
large s, which decreases like 1/s. The intriguing fact is
that the physical charm scale m2 ∼ O(m2c) can emerge
from the dispersion relation. If ω(s) followed the power
law exactly, the solution to Eq. (5) would be a δ-function,
y(s) ∝ δ(s −m2). The slight deviation from the power-
law behavior reflects mild broadening of y(s) into a sharp
peak located at s ≈ m2. It also justifies that the lower
bound of the integration variable in Eq. (5) can be set to
zero safely, because y(s) is supposed to take substantial
values only around the charm scale.
Viewing the difficulty to solve an inverse problem, the
possible existence of multiple solutions, and the qualita-
tive resonance-like behavior of a solution, we propose the
parametrization
y(s) =
Ns[b0 + b1(s−m2) + b2(s−m2)2]
[(s−m2)2 + d2]2 , (6)
and determine the free parameters b0, b1, b2, m
2 and d
from the best fit to the input ω(s). The normalization
constant N is chosen, such that Ns/[(s−m2)2 + d2]2 →
δ(s−m2) is respected in the vanishing width limit d→ 0.
The convergence of the expansion in the numerator will
be verified, so keeping terms up to (s −m2)2 is enough.
It is obvious that Eq. (6) obeys the boundary condition
y(0) = 0. The continuity of y(s) at s = Λ imposes a
constraint among the five parameters. The separation
scale Λ introduces an end-point singularity to the integral
on the right hand side of Eq. (5), as s is close to Λ. To
reduce the effect caused by this artificial singularity, we
consider ω(s) from the range 30 GeV2 < s < 250 GeV2,
in which 200 points si are selected. For each point (m
2, d)
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FIG. 4: Distributions of GOF minima on the m2-d plane.
on the m2-d plane, we search for b0 and b1, that minimize
the deviation
200∑
i=1
∣∣∣∣∣
∫ Λ
0
ds′
y(s′)
si − s′ − ω(si)
∣∣∣∣∣
2
. (7)
The value of b2 is derived from the continuity constraint
at s = Λ.
The scanning on the m2-d plane reveals the arc-
shaped distributions of the goodness-of-fit (GOF) min-
ima associated with the S − P operator shown in Fig. 4.
The minima along the arc, having similar GOF, about
10−21-10−22 for both operators relative to 10−17 from
outside the arc, hint that there is no unique solution. As
evaluating y(s) at low s in perturbation theory, we get
different results at various orders, because of the finite
running coupling constant αs in that region. All these
different results lead to almost identical ω(s) in the large
s limit, where αs diminishes. The solutions from m
2 not
close to m2c may correspond to perturbative fixed-order
results, since they generate tiny y at the physical scale
m2c , while those near m
2 ≈ m2c correspond to nonpertur-
bative results. The observation that they give the same
ω(s) at large s realizes the concept of the global quark-
hadron duality postulated in QCD sum rules [12]. The
arc-shaped distribution from the V − A operator is also
displayed in Fig. 4, where a solution with m2 ≈ m2c has
a large d, so its contribution to y is negligible.
Selecting a point (m2, d) on the arc, we get a solu-
tion of y(s). Substituting the obtained y(s) in the whole
range of s into the right hand side of Eq. (2), we cal-
culate the corresponding x(s). A solution of x(m2c) and
y(m2c) is then compared with the data. It is seen in the
upper plot of Fig. 5 that the data x = (0.50+0.13−0.14)% and
y = (0.62±0.07)% in the CP-conserving case [13] can be
accommodated simultaneously by the S−P contribution
with the parameters
m2 = 1.713 GeV2, d = 3.876× 10−2 GeV2,
b0 = −3.296× 10−5 GeV2, b1 = −3.234× 10−2,
b2 = 5.617× 10−2 GeV−2. (8)
To explain the data within 1σ errors, the width d is al-
lowed to vary by 20%. It has been concluded [5] that
multi-particle modes in D meson decays play a cru-
cial role for understanding y. When s increases, single
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FIG. 5: x(s) and y(s) in the cases without and with CP
violation. The horizontal bands represent the data with 1σ
errors, and the vertical lines correspond to s = m2c .
strange quark channels with destructive contributions,
like KKKpi, are enhanced by phase space, and double
strange quark channels with constructive contributions,
like KKKK, are opened. This tendency fits the behav-
ior of y(s) in Fig. 5, which first decreases from a positive
value expected in the two-body analysis [5] to a nega-
tive value, and then increases with s. Hence, the curve
in Fig. 5 has caught major features of y(s), though its
true behavior might be more complicated. We have also
examined that the b1 term dominates, and the b2 term
contributes only about 10% of x(m2c) and y(m
2
c). The
convergence of the parametrization in Eq. (6) is verified.
As CP violation is allowed, both M12 and Γ12 be-
come complex due to the weak phase in the CKM matrix
elements, but Eq. (2) still holds. The explicit expres-
sions of x and y in terms of the complex M12 and Γ12
are referred to [11]. In this case the same parameters
Λ = 12 GeV2 and ms = 109.9 MeV are chosen, and the
λ2b contribution is found to dominate the imaginary part
of ω(s). An additional parametrization similar to Eq. (6)
but with primed parameters is proposed, and fit to the
imaginary part of ω(s). The scanning on the m2-d plane
yields the arc-shaped distributions of the GOF minima
similar to Fig. 4. We find that the parameters in Eq. (8)
and
m′2 = m2 = 1.713 GeV2, d′ = 4.970 GeV2,
b′0 = −8.238× 10−7 GeV2, b′1 = 4.355× 10−7,
b′2 = −7.192× 10−8 GeV−2, (9)
for the S−P contribution, and those for the V −A contri-
bution, which are not presented for simplicity, accommo-
date the data x = (0.39+0.11−0.12)% and y = (0.651
+0.063
−0.069)%
[13] simultaneously, as illustrated in the lower plot of
Fig. 5. We then derive |q/p| − 1 ≈ 2 × 10−4 and
Arg(q/p) ≈ (6 × 10−3)◦ associated with the coefficient
ratio as predictions, which are comparable to the data
q/p = (0.969+0.050−0.045)e
i(−3.9+4.5−4.6)◦ [13], and can be con-
fronted with more precise measurements in the future.
It is noticed that as Λ increases, say, to 14 GeV2, ms
can increase to 130.6 MeV accordingly to explain the ob-
served x and y. However, our prediction for q/p is quite
stable with respect to the variation of the above parame-
ters. It implies that q/p can serve as an ideal observable
for constraining new physics effects.
This work represents the first successful quantitative
attempt to understand the parameters x and y for the D
meson mixing in both CP-conserving and CP-violating
cases in the Standard Model. The key is to transform the
dispersion relation between x and y into an inverse prob-
lem, in which the nonperturbative observables in the low
mass region is solved with the perturbative input from
the high mass region. QCD corrections to the S−P and
V − A operators and to the bag parameters, and high-
power corrections can be included in the high mass region
systematically to improve the precision of results. Theo-
retical uncertainties in this approach will be investigated
in detail in the future. Once the D meson mixing param-
eters are understood, the relevant data, especially those
for the coefficient ratio q/p, can be used to constrain new
physics effects appearing in the box diagrams. Extensive
applications of our approach are expected.
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